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 Abstract - In Complex Adaptive Systems, agents co-adapt to 
each other through interaction. A typical example is game: 
players learn and adapt to the opponent through game playing. 
This paper studies the adaptive characteristic of co-adaptation 
through a combinatorial game “Five-in-a-row” focusing on the 
evaluation function and game tree. The computer simulations 
show that a high-level player (with a good evaluation function) 
will win more if she knows the opponent’s next move, but a low-
level player (with a relatively worse evaluation function) will 
lose more if she knows the opponent’s next move. We call this 
phenomenon "knowing more is less". To explore the reason and 
the generality of this phenomenon, an abstract theoretical model 
is built on a full k-ary game tree. Analysis and numerical 
simulations based on this model prove that “knowing more is 
less” will happen for a player if her evaluation function accuracy 
rate is below 0.5. This result indicates that during combinatorial 
game playing, identification of the opponent only is not enough; 
the player also need to improve her evaluation function for the 
board in the sense of mini-max solution as well.  
 
Keywords - combinatorial game, game tree, evaluation function, 
information, complex adaptive systems 
 

I.  INTRODUCTION 

Complex adaptive systems (cas) is proposed by John Holland 
[1][2]and it is defined as ‘systems that involve many 
components that adapt or learn as they interact’. Cas is one of 
the key problems of Complex Systems research. In a cas, 
agents are co-adapting to each other through interactions. The 
current machine learning theories [3] is mainly for a single 
agent adapting to a static objective. Adaptive control [4] in 
control systems is to handle uncertainty of the system and 
environment [5]. There are very few theories about co-
adaption and co-evolution [6]. Game is a typical example to 
study co-adaption because it has the prominent nature of co-
evolution: two players learn and adjust their strategies through 
game playing. The study of how players co-evolve in games 
will shed light on co-adaptation in cas.  
 Combinatorial game [7] is an important branch of game. It 
is almost impossible to get an explicit solution for many 
combinatorial games, such as Go, Five-in-a-row, etc. The 
simple and popular way to find a solution is to exhaustively 
search the whole game tree, which considers all actions of one 
player and all reactions of the other player corresponding to 
each action. It is expanded to final states that can explicitly tell 
who wins or loses, so the player can make a good choice by 

searching the whole game tree. This search algorithm is called 
standard Minimax process, which consider the best move 
given that the opponent also play her best. It minimizes the 
maximum possible loss. The solution of the standard Minimax 
process is sometimes called the perfect play. Yet for many 
games, the fully-expanded game trees are huge and the 
computational complexity of Minimax process is not lower 
than NP [8]: pspace-complete for some combinatorial games, 
exptime-hard for some others (such as Go). So it is impossible 
to search the whole tree. To reduce the computation, people 
use α–β pruning [9] to cut the tree. Yet the remained tree is 
still huge for many games. An effective way is to bound 
search, for example, stop searching when reaches to a certain 
depth. In this case, the end-nodes at the given search depth 
usually are not related to final states. So it is still unknown 
whether these states lead to ultimate winning or losing. 
Therefore, as a heuristic, the evaluation function is needed to 
evaluate these end-nodes. The strategies and style of the 
player are actually embedded in the evaluation function. It 
reflects how the player predicts the future from non-final 
states. The evaluation function is the core of a bounded search 
algorithm. Constructing a good evaluation function needs 
expert knowledge. But even a world-class expert can make 
mistakes when he is playing game. So in many combinatorial 
games, it remains infeasible to construct a perfect evaluation 
function, which gets the same values for the non-leaf nodes as 
what the standard Minimax process does. To play better, the 
player should keep adjusting the evaluation function during 
game playing. If two players both learn through interaction 
during a game, it turns out to be a typical co-adaptation 
problem: “while the priest climbs a post, the devil climbs ten.”  

This paper starts from a nontrivial two-player game, Five-
in-a-row (FIR, also called Go-Moku and goband) [10], to 
explore how two players adapt to each other. The rule of FIR 
is as follows: two players, Black and White, move in turn by 
placing a stone of her colour (black or white) on an empty 
square of an m×m board; Black starts the game; the player 
who first makes a line of five consecutive stones of her colour 
(horizontally, vertically or diagonally) wins the game (see 
fig.1). The game rule of FIR is very simple so that everyone 
can play. But it is not easy to play well because it shows very 
rich and complicated patterns, so high level strategies are 
crucial to win the game. FIR is not solved yet, i.e., there is no 
explained solution. The computational complexity of 

                            Proceedings of the 10th 
World Congress on Intelligent Control and Automation 
                       July 6-8, 2012, Beijing, China

3526



searching the game tree of FIR is pspace-complete [11], which 
is not easier than NP. So bounded search with evaluation 
function is the usual way to find the next move. In this paper, 
adaptation focuses on changes of the evaluation function. To 
explore the adaptation problem in FIR theoretically, we focus 
on the game tree with evaluation function. It is a good 
example to study co-adaptation between two players.  

Following this line, 
adaptation problems can be 
studied step by step: 1. how 
one agent adapts to the other 
agent with static evaluation 
function, i.e., how one player 
adjust herself (including her 
evaluation function) given 
that the other agent’s 
evaluation function is fixed; 
2. how two agents adapt to 
each other, i.e., how two 
players learn from each other 
while their own evaluation functions are also changing. Before 
we start step 1, we first discuss what the advantage is if one 
player has learned the opponent’s evaluation function, 
especially, in the case of one player knowing the other’s next 
move. We have written a computer program to play FIR: 
computer vs. computer and computer vs. people. An 
interesting phenomenon is observed from simulations: in the 
case of player X knows the next move of player Y, player X 
will play better if X has a good evaluation function, otherwise 
X will play worse if X doesn’t have a good evaluation 
function. So in some circumstance, “knowing more is less”. A 
related theorem is proposed. To explore this phenomenon 
theoretically, a theoretical game tree search model is built and 
it can show the same interesting phenomenon. So this 
phenomenon is general in game tree search, not only can be 
found in FIR. The analysis based on this model also proves the 
existence of this phenomenon and finds the critical value for 
the accuracy rate of the evaluation function to distinguish what 
is good and bad evaluation function. This result indicates that 
learning the opponent’s strategy (evaluation function or next 
move) is not enough; one has to improve her own evaluation 
function. This is what people called “know both your opponent 
and yourself ever victorious”. 

This paper is organized as follows. In section 2 the FIR 
game, the computer algorithm and simulation results are 
described. Then in section 3, we introduce a search model 
based on the theoretical k-ary game tree, and analyze the 
reason of the phenomenon of “knowing more is less”. We 
finish with some conclusions and comments in section 4. 

II. FIR: ALGORITHMS AND SIMULATIONS 

A.   Algorithms  
FIR is proved to be PSPACE-complete, which means it is not 
tractable to decide the outcome (who wins and the rational 
move) from any arbitrary configuration. The basic idea of 
making decision of a player is to search the related game tree, 
where a game tree is a directed graph whose nodes relate to 

states(positions or configurations) in a game and whose edges 
relate to moves. The complete game tree for a game is the 
game tree starting from the initial state and containing all 
possible moves from each state. It actually lists all possible 
moves for both players from the beginning to the end of the 
game. Searching through the whole tree can find the best 
move for a player in the worst case (the opponent also playing 
her best) in the zero-sum game, because she has considered all 
possible following complete sequences of moves.  
 This recursive search is called Minimax algorithm [12]. 
Both players can use this algorithm to find her best move for a 
given state. The depth of a node in the game tree is the length 
of the path to its root. Nodes at odd depth usually represent the 
choices of move of Black player, while nodes at even depth 
represent moves of White player. The end-nodes (leaves) of 
the game tree relate to final states: If Black wins, the value of 
this leaf node is 1; if Black loses, the value is -1. So nodes at 
even depth (represent the states that Black faces) prefer child 
nodes valued 1, which is a Maximize operation. Nodes at odd 
depth (represent states that White faces) prefer child nodes 
valued -1 which is a Minimize operation. By using minimize 
and maximize alternatively, values of leaves propagate 
upwards to their parent nodes and finally get to the root. If the 
root value is 1, Black can find moves (related node valued 1) 
that can win at the end no matter what the opponent plays. If 
the root value is -1 and White plays perfectly at every move, 
Black will lose. So the Minimax algorithm finds the solution in 
the worst case, i.e., the opponent plays perfectly. However, in 
many combinatorial games, it is impossible that players can 
play perfectly at every step. Therefore, even thought the root’s 
value is -1, Black still has chance to win if White makes 
mistakes during game playing. 
 However, the number of nodes of the complete game tree 
is (m2)!. For the game of FIR on the 15*15 board, it is (152)!. 
In this case, it is impossible to search the whole tree even 
though redundant sub-trees are removed and α-β pruning is 
used to cut hopeless sub-trees ahead. One popular and 
effective method is to bound the Minimax search: stops 
searching when reaches depth D, then uses evaluation function 
f:{state}→[-1,1] to evaluate nodes at depth D. The evaluation 
function gives values to non-final game states without 
considering all possible following complete sequences of 
moves: 1 means the state is good for Black; -1 means the state 
is bad for Black but good for White. These values will 
propagate upwards to the root, so Black can select a move 
with the highest value from all child nodes of the root. This 
method is widely used in many combinatorial games. For 
example, the chess computer Deep Blue [13] (that beat Garry 
Kasparov) searches to the depth D = 12, then applied an 
evaluation function. The following shows the bounded 
Minimax algorithm with depth D:  

( )

( )

( ), ,
{ ( , 1), ,( , )=
{ ( , 1), ,

m moves s

m moves s

f s if s is a final state or d D
Max Minimax s m d if s is at even depthMinimax s d
Min Minimax s m d if s is at odd depth

∈

∈

=
⊗ +

⊗ +
    (1) 

where s represent the current node/state of the game, d is the 
search depth so far, moves(s) is the set of all possible moves 
while facing the state of s, and s⊗m will create a new node 

Fig. 1 A case of Five-in-a-row.  
A five connected pattern for black 
pieces can be found so black wins 
in this case. 
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which represents the new state after taking move m on state s. 
When a player faces the state of s and it is her turn to move, 
she will call Minimax(s, 0) and then take the move related to 
the node that directly contribute the value to s. If D=3, the 
computational complexity is O(m6).  
 Notice that players usually do not know the opponent’s 
evaluation function, so in the Minimax algorithm (1), a player 
assume her opponent using the same evaluation function as 
hers. Yet in reality, usually two players are different and using 
different evaluation functions. Therefore, even though they 
use the same Minimax algorithm, the search result would be 
different since their f(s) are different.  

The evaluation function f is crucial for the search 
algorithm. It predicts the future of a non-final state. It leads 
search and reflexes the style of the player. The expert 
knowledge and skills are embedded in the evaluation function. 
Different players can have different evaluation functions. For 
example, for the game of FIR, we construct an evaluation 
function f1:{state}→[-1,1] as follows:      

                1
2,3,4,5 2,3,4,5

( ) 5 5 ,W i B i
i i

i i
f s n n

= =

= − × + ×         (2)                                                              

where W
in is the number of pattern “live i-connected” for white 

piece and B
in is the number of pattern “live i-connected” for 

black piece. “live i-connected” for white piece is the pattern 
with i white pieces on a 5-connected row without any black 
pieces, which means this pattern will have chance to become a 
5-connected row for white piece in the future. With more these 
patterns for white piece, White will have more chance to win. 
On the other hand, White will be more dangerous if Black 
have more these patterns for black piece. The term of 5i is a 
weigh for each pattern. Obviously “live 4-connected” is more 
important, i.e., closer to winning, than “live 3-connected”. So 
its weight 54 is much larger 53.  Adaptation of a player can be 
shown by changes in weights and patterns. Many learning 
approaches, such as Samuel checker’s [14] focus on adjusting 
the weights during game playing. Yet it will be much more 
exciting and difficult for the machine to discover new patterns, 
such as “live double 3-connected”, during game playing.  
 As the first step to study co-adaptation, we consider the 
case of one knows the other’s evaluation function. If one 
player, for example, say Black, knows the evaluation function 
of the opponent, say White, and Black also knows that White 
does not know Black’s evaluation function, the Minimax 
algorithm of Black will change to be  

 ( )

( )

( ), ,
{ ( , 1)}, ,

( , ) (
argmin{ ( , 1)}, 1), ,

B

BkWm moves s

BkW
B

W
m moves s

f s if s is a final state or d D
Max Minimax s m d if s is at even depth

Minimax s d Minimax s
Minimax s m d d if s is at odd depth

∈

∈

=
⊗ +

= ⊗
⊗ + +

  (3) 

where MinimaxW is the Minimax search of White, with f(s) 
being replaced by fW(s) in (1).          
 MinimaxBkW is actually not a Minimize-Maximize process; 
it is a Maximize process instead. In this case that White uses 
MinimaxW and Black uses MinimaxBkW to play the game, Black 
can know White’s next move if DB>DW and DW<3. When 
Black knows White’s next move exactly, MinimaxBkW is no 

longer thinking in the worst case because the information of 
the opponent reduces the uncertainty. The odd depth nodes 
have only one child. We can easily prove the following 
theorem: 
 Theorem 1: for any s∈{state}, d >0, fB and fW, we have 
MinimaxBkW (s, d) ≥ MinimaxB (s, d) for the case of Black 
knows White; similarly, MinimaxWkB (s, d) ≤ MinimaxW (s, d) 
for the case of White knows Black.  
 This indicates if one player (called X) knows the 
evaluation function (the next move in some cases) of the 
opponent (called Y), X can always find a ‘better’ or equally 
‘good’ move, where the standard of ‘good’ is based on her 
evaluation function fX. It means if fX is a ‘good’ evaluation 
function, X will play better; otherwise, X will not play better 
⎯ or even worse? What is the advantage and disadvantage if 
one player knows the other’s evaluation function (next move)? 
This problem is explored by the following computer 
experiments.  
 
B.    Simulations 
The setting of the computer experiments list below:  
[1] The program is written by VisualBasic on the system of 

Windows XP; 
[2] All games are played on a 15*15 board; 
[3] The search depth DX=3 and DY=2, so X knows Y’s next 

move if X knows Y’s evaluation function;  
[4] Two evaluation functions are tested, one is defined in (2), 

the other is defined as below: 
     2

2,3,5 2,3,5
( ) 5 5 .W i B i

i i
i i

f s n n
= =

= − × + ×          (4) 

The difference between f1 and f2 is that f2 does not 
consider the pattern of “live 4-connected”. So f2 might 
not be able to stop an indirect dangerous “double live 3-
connected” if the search depth D < 2. f2 seems worse than 
f1. Yet, it can still beat f1 sometimes. So it can at least 
represent a low-level player. Therefore, to explore the 
problem we proposed above, f1 can be considered as a 
relatively good evaluation function while f2 is considered 
as a “bad” evaluation function.  

[5] The test set consists 
of 2000 random 6-
piece configurations 
and 3000 random 4-
piece configurations: 
the initial 4 or 6 
pieces are randomly 
placed on a 5*6 area 
in the center of board 
(see Fig.2). So the 
simulation of a game 
is played by X vs. Y 
starting from one 
configuration of the 
test set.  

 
To answer the question about advantages and 

disadvantages of the case of one player X knows the next 

 
Fig.2. The interface of the program. This 
snapshot shows a 6-piece configuration.  
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move of the other player Y, the simulation is done on the test 
set in different scenarios defined by all combinations of move 
orders, evaluation functions and who knows who:{X moves 
first, Y moves first}× {fX = f1 and fY = f2, fX = f2 and fY = f1}× 
{X and Y don’t know each other, X knows Y}. The results of 
the percentage of X winning the game in all games of the test 
set are shown in Table 1. Cases of ‘X knows Y’ are compared 
to cases of “X and Y don’t know each other”, so that we can 
see the advantage and disadvantage of X knows Y’s next 
move. 

   For two test sets, results are similar: in the scenario of “fX 
=f1 and fY = f2”, i.e., X takes a good evaluation function while 
Y takes a bad evaluation function, X will win more compared 
to the case of “X and Y do not know each other” no matter 
whether X moves first or Y moves first. However, 
surprisingly, in the scenario of “fX = f2 and fY = f1”, i.e., X 
takes a bad evaluation function while Y takes a good 
evaluation function, X will lose much more in the case of 
"X knows Y" comparing to the case of “X and Y do not 
know each other” no matter whether X moves first or Y 
moves first. Why this phenomenon of “knowing more is less” 
happens? Is it a general phenomenon of combinatorial games, 
or FIR only? This problem is studied in the following section. 

 
TABLE I 

THE PERCENTAGES OF "X WINS" IN DIFFERENT SCENARIOS IN 
SIMULATIONS FOR TWO TEST SETS 

 
X and Y start playing FIR from initial configurations defined by the test set. 
The numbers inside the table are the percentage of results of X beating Y. The 
arrows indicate increase(↑) or decease(↓) of the percentage of X beating Y in 
the case of “X knows Y” compared to the case of “X and Y do not know each 
other” . 
 

III. THEORETICAL GAME TREE: SEARCH AND ANALYSIS 

A.     Basic Model 
It is too complicated to analyze the game tree of FIR and the 
search process. Even if we can do analysis on FIR, it might 
not be extended to other games. So in this section, inspired by 
models of [15], we build an abstract model which is a 
simplified version of the FIR game tree. This model keeps the 
essence of the problem, especially still shows the phenomenon 

of “knowing more is less”. What’s more, this model is general 
to two-player combinatorial games.  
 An H-depth full k-ary game tree is constructed (see Fig.3 
for a 3-depth full triple game tree):  
a) except leaf nodes, every node has k child nodes;  
b) depth of every leaf node is H. So this is a symmetric tree; 
c) every node i has a value vi∈ {-1, 1}, called the perfect 
value, where 1 means Black will win and -1 means White will 
win, when both players play perfectly(i.e., both players use the 
standard Minimax process to search entire game tree). 1 and -1 
are assigned to leaf nodes with identically independent 
distribution. For non-leaf nodes i, vi can be assigned by the 
standard Minimax process which consider the whole game 
tree and propagates perfect values from leaf node. Because of 
symmetry of the tree and i.i.d for the leaf values, the values 
are i.i.d. for all nodes at the same depth. Let dep(i) denote the 
depth of node i. For all nodes i satisfies dep(i) = d, the 
probability of vi = 1 is denoted as dp . According to the 
Minimax process, we have:   

               1

1

1 (1 ) ,
.

K
d

d K
d

p d is even
p

p d is odd
+

+

− −
=                    (5) 

 To be fair for both players, we assumed p0= 0.5 for the 
root, so that two players will have the same probability to win 
the game if both of them play perfectly. Then for initialization 
of the game tree, we can get the probability pH for the leaves at 
depth H by (5) with p0=0.5.  
 

 
 

Fig.3 A 3-depth full triple game tree. 
 

Once the game tree is built and initialized by generating vi 
for all leaf nodes i, a two-person zero-sum game can be played 
by two players X and Y. If both of them use the standard 
Minimax process to search the whole tree, each time they will 
find a perfect move (it is assumed that the player will make a 
random choice if she has two or more equally good moves). 
The result will be consistent with v0: v0=1 the one who moves 
first wins; v0=-1, the one who moves first loses. 

However, as in many combinatorial games, the Minimax 
search is bounded by depth D<<H. So an evaluation function 
is used to give a heuristic value e (e∈[-1,1]) to non-leaf nodes. 
For simplicity, in this paper we assume that the heuristic value 
e is either 1 or -1, e∈{-1,1}: for every leaf node i, ei=vi since it 
is easy to judge a final state; for every non-leaf node i, ei will 
be equal to the perfect value vi, i.e., ei=vi, with probability c, 
and with probability 1-c the node will get a wrong heuristic 
value, i.e., ei=-vi. c is called the accuracy rate. Evaluation 
functions with large c are good evaluation functions. If c=1, 
the related evaluation function f is a perfect evaluation 

Test set Scenario Don’t know 
each other X knows Y 

 
2000 random 

6-piece 
configurations 

fX = f1  
fY = f2 

X moves first 92.9% 95.1%   ↑ 

Y moves first 49.6% 53.8%   ↑ 

fX = f2  
fY = f1 

 

X moves first 77.6% 37.9%   ↓ 

Y moves first 31.2% 2.3%    ↓ 

 
3000 random 

4-piece 
configurations 

fX = f1  
fY=  f2 

X moves first 92.4% 94.8%   ↑ 

Y moves first 50.6% 54.1%   ↑ 

fX = f2  
fY = f1 

 

X moves first 77.1% 38.5%   ↓ 

Y moves first 30.8% 2.6%    ↓ 
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function which can predict the future in the same way as the 
standard Minimax process does. Note that c is just a rough 
measure to the performance of an evaluation function. In fact, 
the accuracy rate will increase when search the bottom of the 
tree since the future is clearer when closer to the final states.   
To answer the question we have asked in the previous section, 
we assume that two players play the game with two different 
evaluation functions f1 and f2. Denote c1 and c2 to be the 
accuracy rate for f1 and f2 respectively. We know that the 
phenomena of “Knowing more is less” shown in section II 
does not relate to the move order; moreover, the theoretical 
game tree is set to be 0 0.5p = , which is fair to both players. . 
So the moving order does not matter. The fact that matters is 
the performance of the evaluation function. We mimic the FIR 
game on this theoretical model: two players X and Y move 
alternatively on the H-depth full k-ary game tree; X moves 
first (starts from the root of the tree, making decision on even 
depth nodes) and uses f1 with search depth D1=2; Y follows X 
and makes decision on odd depth nodes uses f2 with search 
depth D2=1. The winning probabilities of X in two scenarios 
are compared: “X and Y do not know each other” vs. “X 
knows Y’s next move”.  

 
B.     Numerical Experiment and Analysis  
The above game playing process can be described as a 
Markov chain.  Note that root node takes perfect value 1 with 
a probability of 0.5. dg  denotes the probability for the node 
selected at depth d has perfect value 1. It can be calculated in . 
Obviously Hg  is the ultimate winning probability of X.  

1

1 1

0.5, 0,
, 0 ,

(1 ), 0 .
d dd

d d d

d
g d is odd and d Hg
g g d is even and d H

ϕ
φ

−

− −

=
⋅ < ≤=
+ ⋅ − < ≤

(6) 

In the above formula dϕ  represents the probability of state 
transition from 1 to 1 when X makes decision at even depth 

1d − , while dφ  represents the probability of state transition 
from -1 to 1 when Y makes decision at odd depth 1d − .They 
can be calculated as below: 

( )

( )

1

1

( ) (1 ) ( , , ) /1 (1 ) ,

1 ( ) (1 ) ( , , ) /1 ( ) ,

k
k k k

d d d d d d

k
kk k

d d d d d d

p p t x y p

p p t y x p

α α
α

α

αα
α

α

ϕ α

φ α

−

=

−

=

= ⋅ ⋅ − ⋅ − −

= − ⋅ − ⋅ ⋅ −
   (7) 

where ( , , )d dt x y α  represent  the probability that X selects a 
node i satisfies that vi=1 and facing α  nodes with perfect 
value 1 and k α−  nodes with perfect value -1; 
while ( , , )d dt y x α  represents the probability that Y selects a 
node i satisfies that vi=-1 and facing α  nodes with perfect 
value -1 and k α−  nodes with perfect value 1. It is given as 
follows: 

( )

( )
1 0

( ) ( ) ( ) (1 ) (1 )
( , , )

(1 )
.

k kk

k

t
k

k

γα α β α β α γα α
β γ

β γ

αα

β η η ϖ ϖ
η ϖ α

α γ β

α η ϖ

− − − −−

= =

−

⋅ ⋅ ⋅ ⋅ − ⋅ ⋅ −
=

− − +

⋅ − ⋅
+

(8) 

 Here
dx and

dy are equal to (1)dx and (1)dy  respectively, 
which can be calculated by the following recursive function 
(9). ( )dx z  (or ( )dy z ) means the probability for  being 
evaluated correctly of  a node with perfect value 1( or -1) at 
depth 1d z− + as the player makes decision at depth 1d −  by 
using Minimax search with bounded depth D. 
 

1, 1 ,
, 1 , ,

( ) ( ( 1)) , 1 , , ,
1 ( , ( 1), ( 1)),

1 , , ;

1, 1 ,
, 1 , ,

1 (1 , ( 1), ( 1)),( )
1 , , ,

(

k
d d

d z d d

d z d dd

d z H
c d D H z D

x z x z d D H z D d z is even
p x z y z

d D H z D d z is odd
d z H

c d D H z D
p y z x zy z

d D H z D d z is even

+

+

− + ≥
− + < =

= + − + < < +
−Ω + +

− + < < +

− + ≥
− + < =

−Ω − + +=
− + < < +

( 1)) , 1 , , ;k
dy z d D H z D d z is odd+ − + < < +

(9) 

where 

( )
1

(1 ) (1 )
( , , ) .

1 (1 )

k
k k

k

α α α α

α
ρ ρ δ σ

ρ δ σ
ρ

− −

=

⋅ − ⋅ − ⋅
Ω =

− −
 

 The second scenario is “X knows Y’s move” with Dx=2 
and Dy=1. Y does the same way as described above. But X is 
different when she makes decisions at even depth nodes. 
Suppose X is making decisions at even depth d-2 on node i 
(see in Fig.4). It has 3 choices corresponding to 3 children 
nodes of i at depth d-1. For each node at depth d-1, Y has 3 
choices that represented by 3 nodes at depth d. X knows 
exactly which child node at depth d Y will choose. Then the 
search tree of X is much reduced since there is only one child 
node remained for each node at odd depth.  Therefore, the 
ultimate winning probability of X, Hg  can be calculated as 
follows: 
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where dθ , dψ are the probability of 1jv = when 1iv =  or 
1iv = −  respectively, where j is the chosen node at depth d, 

see in Fig.4. They can be calculated as follows: 
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Fig. 4 A case of decision making of X in the scenario of “X knows Y’s 
move”. X faces the state represent by node i and she has 3 possible moves 
represented by 3 child node of i at depth d-1. Facing each node at depth d-1, Y 
will choose one corresponding child node with a square frame around it at 
depth d. If X doesn’t know Y’s next move, X will have to consider all 
possible moves of Y, which represented by 9 nodes at depth d. But in the case 
of X knows Y’s next move, X will only need to evaluate those 3 nodes with 
square frames rather than all 9 nodes at depth d. By comparing these 3 nodes’ 
evaluation values, X chooses the maximum and finally makes her decision 
shown as the 3rd child node of i. 
 

To explore the problem of whether the winning 
probability of X increases if X knows Y’s next move, some 
numerical experiments are shown in Fig. 5. It can be found 
that if the accuracy rate of evaluation function of player X 
satisfies cX > 0.5, X knows Y’s next move will promote 
winning probability of X, whereas X knows Y’s next move 
will  decrease winning probability of X if cX  < 0.5.  
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Fig. 5. The winning probability of X in two scenarios: X knows Y’s move 
(stars) vs. X and Y don’t know each other. 

 
So far the analysis is based on search depth setting of {D1 

=2, D2 =1}, which is the simplest setting for analysis. 
Actually, similar analytic results can be obtained for the 
simulation setting {D1 =3, D2 =2}. With D2 >2, X knowing Y's 
evaluation function and search depth doesn't means X knows 
Y's exact next 2 or more moves  when X is searching for her 
best move, because D1 is fixed and limited. Yet, we still 
believe that similar results could be obtained.   

 

IV. DISCUSSIONS AND CONCLUSIONS 

Game based study can be used to probe into complex adaptive 
systems theoretically because game has the prominent nature 
of co-adaptation: players learn and adapt to each other through 
game playing. Based on a classical combinatorial game Five-
in-a-row, this paper investigates the problem of what is the 
advantage if one knows the opponent’s evaluation function (or 
next move). A new phenomenon called “knowing more is 
less” is found from computer simulation, that is, if player X 
takes a bad evaluation function, X will lose more if X knows 
Y’s next move no matter who moves first. To go deeper, a 
theoretical model based on an H-depth full k-ary game tree is 
built and two players play the game by using the bounded 
Minimax process to search the game tree. To simplify the 
problem, the performance of an evaluation function is roughly 
indexed by the accuracy rate, i.e., the probability of making a 
correct prediction of the board future (win or lose). This 
framework is a simplified general model for many 
combinatorial games. The process of two players playing 
game based on this model can be described by a Markov 
chain. The numerical experiment of this model also shows the 
phenomenon of “knowing more is less”, when the accuracy 
rate is less than 0.5. This indicates that generally in 
combinatorial games, if a player cannot predict the future of a 
composition well, say, a low-level player, she will lose more if 
she knows more about her opponent; on the other hand, a 
high-level player who can predict the composition well, will 
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win more if she knows more about the opponent. So knows 
the opponent only is not enough for a player. If her evaluation 
function is not well constructed, the judgment to the 
composition will be unreliable. Thus with more information, it 
even leads to worse decisions.  

Based on the result of this paper, it is very important for a 
player to adjust her evaluation function except to identify the 
strategy of the opponent. In the future, we will continue to 
study the problems of how one player adapts to the other and 
how two players co-adapt to each other. We believe more new 
properties about co-adaptation will be discovered under this 
framework. 

“Knowing more is less” is a special property in games --
not only in combinatorial games. The similar phenomenon 
called “price of information” is found in paper [16] based on 
the n-person linear-quadratic differential games. Their 
approach is from a different angle and the reason is different. 
We believe the approach of this paper can be extended to other 
complete and perfect information games with boundedly 
rational players, including non-zero sum games. We will 
systematically study how strategic information of the 
opponent affects the result of these games. All these indicate 
the special property of information in game playing, which 
reflect partly the essence of co-adaptation. But what makes 
adaptation in games different from other problems? What is 
the essence of a game from the computational/mathematical 
viewpoint? Will anything new about adaptation be found from 
games?  We need further study to answer the above questions.  

.  
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